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Definition
constant if

Let ¢,v : G — R" be two indices. We say that ¢ and 1) agree up to a

6i(v) — d5(v) = ilv) — 5 (v)
for every game v € G and players i and j.
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¢i(v) = 6i(v) = ¥i(v) — ¥(v)
for every game v € G and players i and j.

«O0>» «Fr» «E» «E» EF HAC
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Let ¢,7) : G — R" be two indices. We say that ¢ and 1) agree up to a
constant if



>_

Let ¢,7) : G — R" be two indices. We say that ¢ and 1) agree up to a
constant if

¢i(v) = 6i(v) = ¥i(v) — ¥(v)
for every game v € G and players i and j.
| 4

Theorem

Let v : G — R" be any linear symmetric solution. Then there exists a
unique solution ¢ :

G — R" which is linear, symmetric and efficient,
agreeing up to a constant with 1.

40> «F»r « > < > = Q>
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Definition
Let ¢,v : G — R" be two indices. We say that ¢ and ) agree up to a
constant /f

9i(v) = ¢j(v) = ¥i(v) — ;(v)

for every game v € G and players i and j.

Theorem

Let 1) : G — R" be any linear symmetric solution. Then there exists a
unique solution ¢ : G — R" which is linear, symmetric and efficient,
agreeing up to a constant with .
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Corollary

There exists a unique solution ¢ : G — R" which is linear, symmetric,

efficient and agrees up to a constant with the Banzhaf semi-value B.
Moreover, it is given by,

V(nN )+ nQL D (n=5)[v(S) = v(N\ )]

S53i

oi(v) =

This solution is the LS-prenucleolus considered in Ruiz et al. (1996).

«O0>» «F»r «

it
it
it
N

ye)
Q



Power index ranking
Team games

Gs & R games
References

Power index ranking

Corollary

There exists a unique solution ¢ : G — R" which is linear, symmetric,
efficient and agrees up to a constant with the Banzhaf semi-value B.
Moreover, it is given by,

4 Y- 9) () - v(W\ 5)]

n n2
S3i

pi(v) =
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Corollary

There exists a unique solution ¢ : G — R" which is linear, symmetric,
efficient and agrees up to a constant with the Banzhaf semi-value B.

Moreover, it is given by,
v(N 1
) s 30— 5)[W(S) ~ V(N S)]

S3i

pi(v) =

» This solution is the LS-prenucleolus considered in Ruiz et al. (1996).
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Corollary
Let

Yi(v) =D V(S U{i}) = v(S)]
SHi
be an arbitrary linear symmetric and null solution (see Dubey et al. (1981)
or Hernandez-Lamoneda et al. (2007)) then the unique linear symmetric
efficient solution agrees up to a constant with v will be given by

3i(1) = "M 50— 5) t2v(5) — tr-av(\ 5)]

S53i

where
rs—1+rs

n

ts =
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Definition
Let ¢,1 : G — R" be two solutions (or indices). We say that

& = (¢1,02,...,0,) and b = (1,12, ..., 1,) give the same power index
ranking (PIR) if and only if for every game v, and all players i, j,

$i(v) > ¢;(v) iff i(v) > 9j(v).
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Theorem

Let ¢ and v be two linear and symmetric indices. Then ¢P:/R1/J implies
tok
there exists \ > 0 such that ¢UP:O Ap. The converse is also true.

In other words, two linear symmetric indices, ¢ and 1, rank all players,
for all games, in the same order, if and only if there exists a function
k : G — R" and a positive constant \, such that

¢i(v) = Ai(v) + k(v)

for every v and every i.

L. Hernandez-L and F. Sa -Sa il and values for team games




» Foreverys:1,...,n, let

Gs={veG| v(S)=0if |S| # s},
we think of the elements in G5 as “team games” with s players.
» Basketball Example
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» Foreverys:1,...,n, let

Gs={veG| v(S)=0if |S| #s},
we think of the elements in G5 as “team games” with s players.
» Basketball Example

» IV set of players in the NBA.
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» Foreverys:1,...,n, let

Gs={veG| v(S)=0if |S| #s},
we think of the elements in G5 as “team games” with s players.
» Basketball Example

» N set of players in the NBA.
» s =05.
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» Foreverys:1,...,n, let

Gs={veG| v(S)=0if |S| #s},
we think of the elements in G5 as “team games” with s players.
» Basketball Example

» N set of players in the NBA.
» s=05.

» v(S) worth of the team S.
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» Foreverys:1,...,n, let

Go={veG| v(S)=0if |S| #s},

we think of the elements in G5 as “team games” with s players.
» Basketball Example
N set of players in the NBA.
s=5.
v(S) worth of the team S.
I(v) ranking of the players.

Y vy
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» Foreverys:1,...,n, let
Gs={ve G| v(S)=0if |S| # s},

we think of the elements in G5 as “team games” with s players.
» Basketball Example
N set of players in the NBA.
s =5.
v(S) worth of the team S.
I(v) ranking of the players.

vy vy VY
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» The Poker Example
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n} deck of poker cards.



» The Poker Example

» s=05.

» N ={1,...,n} deck of poker cards.

«O»>» «F» = = A



» The Poker Example

» N ={1,...,n} deck of poker cards.
» s=05.

» v(S) worth of the hand of poker S.

«O>» «F»r « = A



» The Poker Example

>
>
>
>

N ={1,...,n} deck of poker cards.
s=25.

v(S) worth of the hand of poker S.
I(v) ranking of the cards.
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» The Poker Example

s=25.
v(S) worth of the hand of poker S.
I(v) ranking of the cards.
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» Double sculls example

N ={1,...,n} deck of poker cards.
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» Double sculls example

s=25.
v(S) worth of the hand of poker S.
I(v) ranking of the cards.

..... n} set of rowers.

N ={1,...,n} deck of poker cards.
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» The Poker Example
>
>
>
>

» Double sculls example

s=25.
v(S) worth of the hand of poker S.
I(v) ranking of the cards.

» N={1,...,n} set of rowers.
> s =2.

N ={1,...,n} deck of poker cards.

«O0>» «F»r «



» The Poker Example
>
>
>
>

» Double sculls example

s=25.
v(S) worth of the hand of poker S.
I(v) ranking of the cards.

» N={1,...,n} set of rowers.
> s=2.

> v(S) best time of team S.

N ={1,...,n} deck of poker cards.
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» The Poker Example

N ={1,...,n} deck of poker cards.
s =5.

v(S) worth of the hand of poker S.
I(v) ranking of the cards.

Yy vV VY

» Double sculls example

» N={1,...,n} set of rowers.
> s=2.
> v(S) best time of team S.
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» The Poker Example

N ={1,...,n} deck of poker cards.
s =5.

v(S) worth of the hand of poker S.
I(v) ranking of the cards.

Yy vV VY

» Double sculls example

N ={1,...,n} set of rowers.
s=2.

v(S) best time of team S.
I(v) ranking of the rowers.

vy vy VY
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» Let | : Gs — R" be given by

li(v) = % > v(S).
(:75)

53i
s—1

| is a linear, symmetric solution. Moreover, ﬁl agrees up to a
constant with the restriction of Shapley’s value to G;.

DA
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» Let | : Gs — R" be given by
1
Li(v) = ——« E v(S).
n—2 ‘
53i

| is a linear, symmetric solution. Moreover, -1/ agrees up to a
constant with the restriction of Shapley’s value to Gs.
>

L. Hernandez-L and F. Sa -Sa i and values for team games




Power index ranking
Team games PIR for team games
Gs @& R games Retiring players
References

PIR for team games

» Let | : Gs — R" be given by
1
i(v) = ——=<>_v(S).
n—2 ‘
S535i
(=2)
| is a linear, symmetric solution. Moreover, -1/ agrees up to a

constant with the restriction of Shapley’s value to Gs.

Theorem

Let ¢ : Gs — R" be any linear, symmetric index then ¢ has the same PIR
as el wheree = —1,0 or 1.

L. Hernandez-L and F. Sa -Sal i and values for team games
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» Let | : Gs — R" be given by
1
Li(v) = ——« E v(S).
n—2 ‘
53i

| is a linear, symmetric solution. Moreover, -1/ agrees up to a
constant with the restriction of Shapley’s value to Gs.

>
Theorem
Let ¢ : Gs — R" be any linear, symmetric index then ¢ has the same PIR
as el wheree = —1,0 or 1.
»
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» Let | : Gs — R" be given by
1
/,‘(V) = (n_2) Z V(S)
53i
s—1
| is a linear, symmetric solution. Moreover, -1/ agrees up to a
constant with the restriction of Shapley’s value to Gs.

S
Theorem
Let ¢ : Gs — R" be any linear, symmetric index then ¢ has the same PIR
as el wheree = —1,0 or 1.

>

Remark

Every team game v € Gs has naturally associated a unique (up to sign)
power ranking of its players.

L. Hernandez-L and F. Sa -Sa il and values for team games
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The Poker example (cont.): Recall we have defined a game v € G22
that models the game of poker. Thus, the index | : G2% — R52 gives a
ranking for the cards. Recall that all suits are assumed to have the same
value, thus we may think that / takes values in R'3. We list the rankings
of the cards:

hv)
0.236088
0.128311
0.066628
0.029374
0.005330
-0.012679
-0.027257
-0.040026
-0.051830
-0.063794

L. Hernandez-L and F. Sa - and values for team games
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» Let v € G be an arbitrary game, then if the player n drops out we
get a new game Rv € GSN\{"} by restriction: for
Sc{1,2,...,n—1} let Rv(S) := v(S).

«O0>» «Fr» «E» «E» EF HAC



>

Sc{1,2,...,n—1} let Rv(S) := v(S).

Theorem

» Let v € G be an arbitrary game, then if the player n drops out we
get a new game Rv € GSN\{"} by restriction: for

Fix a player k € N. Let u € RN and x € RN\{%} be arbitrary vectors. If
2 < s < n—2, then there exists a team game v € GSN such that:

«O0>» «Fr» «E» «E» EF HAC
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> Let v € GV be an arbitrary game, then if the player n drops out we

get a new game Rv € GN\{ by restriction: for
Sc{L,2,...,n—1} let Rv(S) := v(S).

Theorem

Fix a player k € N. Let u € RN and x € RN\{X} be arbitrary vectors. If
2 < s < n—2, then there exists a team game v € GSN such that:
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Retiring players

> Let v € GV be an arbitrary game, then if the player n drops out we

get a new game Rv € GN\{ by restriction: for
Sc{L,2,...,n—1} let Rv(S) := v(S).

Theorem

Fix a player k € N. Let u € RN and x € RN\{X} be arbitrary vectors. If
2 < s < n—2, then there exists a team game v € GSN such that:

> the ranking of the players for v is given by the vector u; and
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> Let v € GV be an arbitrary game, then if the player n drops out we

get a new game Rv € GN\{ by restriction: for
Sc{L,2,...,n—1} let Rv(S) := v(S).

Theorem

Fix a player k € N. Let u € RN and x € RN\{X} be arbitrary vectors. If
2 < s < n—2, then there exists a team game v € GSN such that:

> the ranking of the players for v is given by the vector u; and
> if player k drops out, then the ranking of the players for the
restricted game, Rv, to N\ {k} is given by x.
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Rowing example revisited
Assume the following are the times (in minutes) recorded by each pair of
oarsmen during the trials:

v({1,5) = 626
({2,5) = 6.46
({3,5}) = 6.66
v({4,51) = 686
( )
( )

)

v({1,2}) = 654
= 65
v({1,4}) = 6.46
v({2,3})) = 6.46
v({2,4h) = 642
v({3,4))= 638

~—|—

L. Hernandez-L and F. Sa -Sal i and values for team games
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Then, )
I(v) = 5(25,76,25,88,26,26,12,26,24),

and so,
1<2<3<4<5

which means that the olympic team should consist of rowers {1,2,3} in
that order.

Unfortunately, a few days later it is discovered that rower # 5 failed the
anti-doping test. Thus, all his trial times must be removed (even though
he was the worse, by our index measurement, of all rowers) and the index
for the restricted game (with the fifth rower “retired”) is computed (the
restricted game corresponds to the bottom 6 rows on the above table):

1
I(Rv) = 5(19,5,19,42,19,34,19.26).

Thus the new ranking is 1 = 2 > 3 = 4. And, therefore, the revised
olympic team should have rowers {4, 3,2} in that order,

L. Hernandez-L and F. Sa - il and values for team games
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» For a team game v € G;, define a team game Fv € GSN\l{"} by

Fv(T)=v(T U{n})

for every T C N\ {n}. Fv is a team game that has
“freecollaboration from n; Rv € GSN\{"}, as before, the restricted

game. Then
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» For a team game v € G;, define a team game Fv € GSN\l{"} by

Fv(T)=v(T U{n})

for every T C N\ {n}. Fv is a team game that has
“freecollaboration from n; Rv € GSN\{"}, as before, the restricted

game. Then
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» For a team game v € G;, define a team game Fv € GSN\l{"} by

Fv(T)=v(T U{n})

for every T C N\ {n}. Fv is a team game that has

GM\n)

“freecollaboration from n; Rv € , as before, the restricted

game. Then
>

Theorem

(n=2)I"(v) = (n—s — )N (Rv) + (s — DN (Fy).

L. Hernandez-L and F. Sa -Sa il and values for team games




» We look at pairs (v, c) € G; @ R and solutions

¢:GdR —-R"
that are linear and symmetric. Here 1 <'s < n.

it
v
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» We look at pairs (v, c) € G; @ R and solutions

¢:GdR —-R"
that are linear and symmetric. Here 1 <'s < n.
>
Theorem

The space of linear, symmetric solutions ¢ : Gs ® R — R" is

3-dimensional. Moreover, their general expression is given by

S3i

(v,c)=Ac+BY v(S)—CY v(S)
for every (v,c) € Gs &R, i:1

SFi
:1,...,n, for arbitrary A, B, C € R.
40> «F>» «E» « = = A
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» We look at pairs (v, c) € Gs @ R and solutions
¢:G.OR —R"

that are linear and symmetric. Here 1 < s < n.

Theorem

The space of linear, symmetric solutions ¢ : Gs @R — R" js
3-dimensional. Moreover, their general expression is given by

¢i(v,c) =Ac+ B v(S)—CY_ v(S)

S3i SFi

for every (v,c) € Gs®R, i:1,...,n, for arbitrary A, B, C € R.

L. Hernandez-L and F. Sa -Sa il and values for team games
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Definition
(Efficiency Axiom) The solution ¢ : Gs ® R — R" is said to be efficient if

o(v,c)-1,=c.

DA
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(Efficiency Axiom) The solution ¢ : Gs ® R — R" is said to be efficient if

¢(v,c)-1,=c.

DA
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(Efficiency Axiom) The solution ¢ : Gs ® R — R" is said to be efficient if

¢(v,c)-1,=c.

>

Theorem

The space of linear, symmetric solutions ¢ : Gs & R — R" that are also
efficient is 1-dimensional. Their general expression is given by

) ‘“n—=s
S3i SZi

i i iiiﬁi iiiiliiii iiﬁ Qa0
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Gs ® R games

>
Definition
(Efficiency Axiom) The solution ¢ : Gs & R — R" is said to be efficient if
o(v,c)-1,=c.
>
Theorem

The space of linear, symmetric solutions ¢ : Gs & R — R" that are also
efficient is 1-dimensional. Their general expression is given by

siv0) =S +a | DU 5 1O

) “n—S
S53i SZi

for every (v.c) € G:®R, i:1...., n, for arbitrary A € R.

L. Hernandez-L and F. Sa i and values for team games




| 2

Definition
Given a vector x € R" and an integer s : 1,...,n we define a game, x°,
as follows: > fls|
B - ics Xi if|S| =s;
x(9) { 0  if|S|#s.

o e = = = A
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Given a vector x € R" and an integer s : 1,...,n we define a game, x°,
as follows: )
w(s)— { Tiesn ]S\ =s
0 if |S| # s.
| 2
AR I = = = = na
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Given a vector x € R" and an integer s : 1,...,n we define a game, x°,
as follows: > fls|
s _ jiesXi | =S,
(%) { 0 if|S| #£s.
>
Definition

(Naturalness Axiom) The solution ¢ : Gs R — R" is said to be natural if
o(x°,x-1,) = x.

for every x.
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Gs ® R games

>
Definition
Given a vector x € R" and an integer s : 1,...,n we define a game, x°,
as follows: > 15|
s _ iesXi 1 =S,
) { 0 if|S|#s.
>
Definition

(Naturalness Axiom) The solution ¢ : Gs @R — R" is said to be natural if
o(x°,x-1,) = x.

for every x.
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Theorem

There exists a unique solution v : Gs & R — R" which is linear,
symmetric, efficient and natural. It is given by

wlv,g) = £+ 2ot (o M) 5m )

<s) s ° s 1 °

for every (v,c) € G:®R, i:1,...,n.

L. Herndndez-1 and F. Sa

and values for team games
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Ejemplo del Europass.

» Se eligen s paises europeos (donde s = 3,4 o 5) de un conjunto N.

» v(S) nimero de viajeros que selecciona a S C N, para viajar d dias
en los paises de S.

» c es el monto total recolectado en la venta de Europass.

» La solucién ¢ : G; @ R — RN asigna a (v, c) un vector ¢(v, c)
donde ¢j(v, c) es el monto que le corresponde al pais j.

L. Hernandez-L and F. Sa -Sa il and values for team games




» Recall that G; consists of games that can only take non zero values
on cardinality one subsets of . Thus, it is naturally identified with
R™ x({i}) = x;.



R™ x({i}) = x;.

Definition

» Recall that G; consists of games that can only take non zero values
>

on cardinality one subsets of N. Thus, it is naturally identified with

A bankruptcy game is an element (x,c) € Gy ® R such that

x(N) = ix,- > c.
i=1
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Bankruptcy problem

» Recall that G; consists of games that can only take non zero values
on cardinality one subsets of N. Thus, it is naturally identified with
R™ x({i}) = x;.

Definition
A bankruptcy game is an element (x,c) € Gy ® R such that

x(N) = ix,- > c.
i=1
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Bankruptcy problem

» Recall that G; consists of games that can only take non zero values
on cardinality one subsets of N. Thus, it is naturally identified with
R™ x({i}) = x;.

Definition
A bankruptcy game is an element (x,c) € Gy ® R such that

x(N) = ix,- > c.
i=1

» We interpret x; as the amount that the ith creditor demands,
whereas c is the total amount that may be repaid.

L. Hernandez-L and F. Sa -Sa il and values for team games
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Bankruptcy problem

» Recall that G; consists of games that can only take non zero values
on cardinality one subsets of N. Thus, it is naturally identified with

" x({1}) = X

Definition
A bankruptcy game is an element (x,c) € Gy ® R such that

n
= E X,'ZC.
i=1

» We interpret x; as the amount that the ith creditor demands,
whereas c is the total amount that may be repaid.

> All the results of the previous section apply to bankruptcy games. Let
us summarize them Togefher with an interpretation~of their meanine.

L. Hernandez-L and F. il and values for team games
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Bankruptcy problem

» There is a 3-dimensional space of linear, symmetric, solutions
¢ : G1 @ R — R” for the bankruptcy problem. The general
expression for such solutions is given by

oi(x,¢c) =ac+ Bx; +yx(N), i:1,...,m
for arbitrary «, 8,7 € R.

L. Hernandez-L and F. Sa -Sa il and values for team games
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Bankruptcy problem

» There is a 3-dimensional space of linear, symmetric, solutions
¢ : G1 @ R — R” for the bankruptcy problem. The general
expression for such solutions is given by

oi(x,¢c) =ac+ Bx; +yx(N), i:1,...,m
for arbitrary «, 8,7 € R.

» Efficiency (i.e., ¢(x, c) - 1, = ¢) means that the value of all the
remaining goods, c, is divided among all creditors. There is a
1-dimensional space of linear, symmetric and efficient solutions given
by

N
b(x,c) = 1,4 ax = X1
n n

for arbitrary A € R. Equivalently,

N
al )), i:1,....n;
n

di(x,c) = % + A(x; —

for arbitrary A € R.

L. Hernandez-L and F. Sa -Sa il and values for team games
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Bankruptcy problem

» Naturalness (i.e., ¢(x, x - 1,) = x) is the axiom that says that if the
total amount claimed by the creditors equals the value of the
remaining goods, then each creditor receives what he claims. There
is a 1-dimensional subspace of natural solutions (that are linear and
symmetric) to the bankruptcy problem. They are given by

b(x,c) = x + @(c —x- 1)1,

for arbitrary o € R.

L. Hernandez-L and F. Sa -Sal i and values for team games




Power index ranking
Team games

Gs & R games
References

Bankruptcy problem
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» Naturalness (i.e., ¢(x, x - 1,) = x) is the axiom that says that if the
total amount claimed by the creditors equals the value of the
remaining goods, then each creditor receives what he claims. There
is a 1-dimensional subspace of natural solutions (that are linear and
symmetric) to the bankruptcy problem. They are given by

b(x,c) = x + @(c —x- 1)1,

for arbitrary o € R.
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Bankruptcy problem

» Naturalness (i.e., ¢(x, x - 1,) = x) is the axiom that says that if the
total amount claimed by the creditors equals the value of the
remaining goods, then each creditor receives what he claims. There
is a 1-dimensional subspace of natural solutions (that are linear and
symmetric) to the bankruptcy problem. They are given by

b(x,c) = x + @(c —x- 1)1,

for arbitrary o € R.

Corollary

There exists a unique bankruptcy solution which is linear, symmetric,
efficient and natural. It is given by

N
¢i(X,C):E+Xi—7X( ), i1,...,n.
n n

L. Hernandez-L and F. Sa -Sal i and values for team games




Power index ranking
Team games

Gs @ R games
References

References

[4 Dubey P., Neyman A. and Weber R.J. (1981). “Value Theory
without Efficiency”, Mathematics of Operations Research, Vol.6,
No.1, pp. 122-128.

@ Herndandez-Lamoneda L., Judrez-Garcia R. and Sanchez-Sanchez F.
“Dissection of cooperative solutions in game theory using
representation techniques”, Int. J. Game Theory 35 (2007), pp.
395-426.

[4 Ruiz, L.M., Valenciano, F. and Zarzuelo J.M. (1996) “The least
Square Prenucleoulus and the Least Square Nucleolus. Two values
for TU Games Based on the Excess Vector”, International Journal of
Game TheoryNol. 25, pp. 113-134.

[4 Saari D.G. and Sieberg K.K. (2001). “Some Surprising Properties of
Power Indices”, Games and Economic Behavior, vol. 36, 2, pp.
241-263.

L. Hernandez-L and F. Sa -Sal { and values for team games




	Power index ranking
	Team games
	PIR for team games
	Retiring players
	GsR games

	GsR games
	Bankruptcy problem

	References

